It has been argued by Dyson that the perturbation theory in coupling constant in QED can not be convergent. We find that similar albeit slightly different arguments lead to the divergence of the series of 1/N f expansion in QED. Our proof unravels some minor but still very relevant discrepancies in Dyson's arguments. We indicate how these discrepencies can be overcome without any change in the final conclusion.
It is more than half a century since Dyson proved that the perturbation theory in the coupling constant in Quantum Electrodynamics (QED) is divergent ( [1] , see also [2, 3] ). In this paper, we intend to comment on some of the points in Dyson's arguments. We proceed in the following way. At first, we consider QED with large number of flavours (i.e.,large number of species ) of fermions. Large flavour limit is interesting in its' own right. It has been used to argue for the existence of Landau singularity in the leading order in 1/N f in QED [4, 5] . It has also been very successfully used in condensed matter physics to proof many seminal results in Landau Fermi liquid theory, again, in the leading order in 1/N f [6] [7] [8] . However, these issues will not be discussed in this paper. We will only be concerned with the nature of the series thus obtained. In this paper, at first, we will show that the series obtained by 1/N f expasion in QED, where N f is the number of flavours of fermions, N f tends to infinity with the product e 2 N f held fixed, e being the coupling constant, is divergent using arguments which are similar but slightly different from those of Dyson's. Our proof brings out some minor but still very relevant discrepancies in Dyson's arguments. We indicate how these dicrepancies can be overcome without any change in the final conclusion.
Dyson's arguments for the divergence of perturbation theory in QED is elegant in its' simplicity. Since our paper is centered around these arguments, we quote the following paragraphs from his paper : always be a finite probability that in any finite time-interval the system will find itself in a pathological state. Thus every physical state is unstable against the spontaneous creation of many particles.Further, a system once in a pathological state will not remain steady; there will be rapid creation of more and more particles, an explosive disintegration of the vacuum by spontaneous polarization.In these circumstances it is impossible that the integratation of the equation of motion of the theory over any finite or infinite time interval, starting from a given state, starting from a given state of the fictitious world, should lead to well-defined analytic functions.Therefore F (−e 2 ) can not be analytic and the series ... can not be convergent."
The central idea in Dyson's proof of the divergence of perturbation theory in coupling constant, as is evidient from the lengthy quotation above, is that the convergence of the perturbation theory in coupling constant would lead to the existence of pathological states to which the normal states of QED would decay.These pathological states correspond to states of a quantum field theory whose vacuum state is unstable. We will show that the pathological states are not the ones considered by Dyson. These states corresponds to states of an asymptotically free theory of commuting fermions. First, we proof this in the case of 1/N f expansion' series of QED. We will proof that its' convergence also leads to the exis-tence of pathological states to which normal states of large flavour QED would decay. This field theory with unstable vacuum state turns out to be an asymptotically free theory with commuting fermions. After that, we consider the case, N f = 1, which is the case discussed by Dyson.
The Langrangian of QED with number of flavours, N f , is given by,
where ψ j andψ j are the Dirac field and its' conjugate, j is the flavour index, and A µ and F µν are the electromagnetic potential and the field strength respectively. We will, ultimately, be considering cases with both the positive and negative sign of N f , and therefore, we introduce
by assuming that, in the limit
instead of the Lagrangian given by Eq. (1), we may consider the following Lagrangian, 
Q 0 , Q 1 , Q 2 , ...... are some functions of the coupling contant. Now suppose that the series converges for some small value of
( large value of N f ), then the observable function
.Therefore, we can consider a small negative value
( large negative value of N f ) for which the function is analytic and convergent.In other words, the function F (
) can be analytically continued to small negative value of 1/N f and the series thus obtained will be convergent.
What is meaning of negative N f ? Before we look for an answer to this question, let us calculate the effective coupling constant for positive as well as negative N f using the formal 1/N f -expansion series for the two point Green's function. The series is assumed to be convergent, and therefore, for sufficient large N f , one can restrict to the leading order term.The leading order term is given by the one-loop diagrams which can easily be eavaluated to obtain the polarization from which one can read off the effective coupling constant. It is given by,
If N f is negative,
From the equation above, we find that in the limit Λ → ∞ , e 2 ef f → 0, when N f is negative. Therefore, the formal theory that we obtain from the analytical continuation of 1/N f ( for large N f ) to the small negative value of 1/N f , is ( at least formally ) asymptotically free.This seem to suggest that the physical meaning of the negative sign of N f could possibly be traced in the free theory without the interaction term.
We will argue that the choice of negative N f for anticommuting fermions amounts to considering commuting fermions with positive N f . Let us consider the Langrangian given by Eq.(7) in four dimensional Euclidean space. The partition function is given by the following functional integral,
We carry out funtional integration with respect to the anticommuting fermion fields (grassman variables) and obtain,
However, if one considers fermion fields to be commuting variables, then it turns out to be functional integration over complex fields, and we obtain,
This expression could be obtained from the previous expression, simply by assuming that explained above also contributes a factor of N f . Therefore, when N f is taken to be negative, the over all multiplicative factor becomes |N f | . As explained above, we would obtain the same multiplicative factor if we treat the fermions as commuting fields and consider N f to be positive . This shows that the choice of negative N f for anticommuting fermions ammounts to considering commuting fermions with positive N f . We argued above, on formal grounds, that QED with anticommuting fermions and negative value of N f is asymptotically free. Therefore, formally speaking, QED with commuting fermions and positive N f is asymptotically free [9] .
It is well known that the free field theory of commuting fermions does not have a stable vacuum or ground state [10] [11] [12] . From the arguments above, it then follows that the interacting theory also can not have a stable vacuum state.All states in this theory are pathological. All these results follow from the single assumption that the 1/N f -expansion series in QED is convergent.Therefore, the convergence of the series in QED with anticommuting fermions would leads to the decay of normal states to the pathological states of QED with commuting fermions via the process of quantum mechanical tunnelling. Therefore, for QED to be meaningful , the series in value of e 2 , we can analytically continue to −e 2 and then this series will also be convergent.
Let us consider the series for the vacuum polarization (two point Green's function for photons). Both the perturbative as well as the analytically continued series are assumed to be converegent. We can carry out loop wise summation. The result should not depend on it.
We can write the formal sum for one loop diagrams ( the coupling is assumed to be small) and extract from it the effective coupling constant. In the analytically continued theory, we obtain
When Λ → ∞, then e 2 ef f → 0 , and therefore the analytically continued theory is asymptotically free. It is also easy to infer that at low energies the effective coupling constant increases. On purely formal grounds, the efective coupling constant of this purely formal theory behaves in the same way as the effective coupling constant in QCD for both the high energy and low energy limits inspite of the fact that in the formal theory interactions are mediated by abelian gauge fields. Such a theory need not have asymptotic |in > or |out > states carrying electric charge. This suggests that Dyson's picture of disintegration of vacuum via spontaneous creation of charged particles, described in great detail in his original article, seemingly so obvious, becomes untenable. Therefore, if the analytically continued theory has an unstable vacuum state , the limiting (asymptotically) free theory must be unstable. This suggests that the instability of the vacuum state of Dyson's analytically continued theory should be due to reasons similar to the one outlined in our paper. It is not hard to see that, in the weak coupling limit, Dyson's analytically continued theory (e 2 → −e 2 , N f = 1) is a theory with N f = −1 , e 2 > 0. In other words, calculation of the vacuum polarization with N f = −1 but e 2 > 0 amounts to the calculation of vacuum polarization with N f = 1 but e 2 < 0. In both the cases we have asymptotically free theory. But in the former case we know that the limiting free theory is the theory of commuting fermions.
This shows that the analytically continued theory is unstable not due to the disintegration of vacuum via spontaneous creation of charged particles as proposed by Dyson, but due to the fact that the perturbation theory is constructed around the vacuum of free commuting fermions.
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